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Using the adjoint action of the infinitesimal translations (with respect to some 
(in) dependant variables) on specific finite-dimensional subspaces of the space 
of generalized symmetries of some system of partial differential equations, we 
explicitly determine the dependance of coefficients of generalized symmetries 
from these subspaces on the above-mentioned variables. We establish the con- 
nection of our results with the theory of quasiexactly solvable models. Some 
generalizations of the approach proposed also are discussed. 

Introduction 

It is well known |^ that the problem of finding of all the generalized 
symmetries (or non-Lie symmetries in terms of 0) of a given system of 
partial differential equations (PDEs) is nontrivial and seldom admits the 
complete solution. More or less complete results in this field are obtained 
for some linear equations (e.g. free Dirac, Klein - Gordon and Schrodinger 
equations (0 and references therein)), l-|-l-dimensional evolution equations 
(vide, e.g., 0,0]) and integrable systems (0 and references therein). 

On the other hand, the knowledge of the generalized symmetries of a given 
system of PDEs allows one to construct (partially) invariant solutions of this 
system (the famous examples of which are finite-gap solutions of the KdV 
equation and numerous spherically-symmetric, self-similar etc. solutions [0]), 
to find the conservation laws to check the integrability and to 

separate variables in linear PDEs 0. Thus, finding generalized symmetries 
of given system of PDEs is interesting problem of modern mathematical 
physics. 

In this paper we consider the systems of PDEs, whose set of general- 
ized symmetries possesses specific finite-dimensional subspaces V^"^^ (refer to 
Section 2), which are invariant under the action of the set of infinitesimal 
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translations with respect to some (in) dependant variables. For the gener- 
alized symmetries from these subspaces we determine their dependance on 
these variables, i.e. partially solve the above-mentioned problem. 

The plan of the paper is as follows. In Section 1 we briefly remind some 
basic notions concerning generalized symmetries. Section 2 presents the key 
idea of the proposed approach and some possible generalizations. Finally, 
in the Section 3 we discuss the connection of our results with the theory of 
quasiexact solvability. 



1 Generalized symmetries: basic definitions 

Let us consider the system of PDEs of the form: 

F,{x,u,...,u^''y) = 0, z/ = l,...,/, (1) 

where u = u{x) is unknown vector-function u = . . . , of m indepen- 
dant variables x = (xi, . . . , x^); u^^^ denotes the set of derivatives of u with 
respect to x of the order s. ( ^ denotes here and below matrix transposition). 

Definition 1 [1] . The operator Q of the form 

m n 

Q = ^ u,..., u^'^^)d/dx, + Vaix, u,..., u^'^'^)d/du^ (2) 

1=1 «=1 

is called the generalized symmetry of order q of the system of PDEs (|7|j if 
its prolongation prQ annulates on the set M of (sufficiently smooth) 
solutions of 

prQ[Fj|M=0, z/ = l,...,/. (3) 



Here [| 

m n m pi 

prQ = + E E(^^(^" -ll^i^o.,i))^ ' (4) 

l=\ a=l J 1=1 OUa,J 

where the summation is extended to all the multiindices J = (ji, . . . , jm) with 
non-negative integer j^, s = 1, . . . , m, Ua,j = ^^^^^^^^^"'Ua| dxi dx-!^ ■ ■ ■ dx{j^, 
Ua,i = dua/dxi, Di is the so-called total derivative acting on the functions 
of X, M, u'^^\ . . . : 

d 

Di = d/dxi + y2{dua,j/dxi)- 

J OUa,J 
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and Dj = D{^D{\..Dt- 

Let us mention that the generahzed symmetries of (|l]) of order are 
usually called Lie symmetries [^. 

Definition 2 . Let he some differential operators of the form 

m n 
i=l a=l 

Then the operator Q3 of the same form with the coefficients 

ef^ = prQi[#^]-prQ2[d'^] 
r;(3) = prQJr^(2)]-prQ,[ryW] 

is called the Lie bracket of the operators Qi, Q2 and is denoted Q3 = [Qi, Q2]. 
Proposition 1 //Qi, Q2 (ii"e generalized symmetries of (jlp, then so does 

[Qi,Q2]. 

Let Sym be the Lie algebra ||l|(with respect to Lie bracket [, ]) of all 
the generalized symmetries of (|l]) of non-negative orders, Sym^'^'' the linear 
space of the generalized symmetries of of order not higher than q and 
p^'^^ its dimension, Synig = Sym^'^y Sym^'^~^^ (o' 7^ 0), SyrriQ = Sym^^^ and 
Pq the dimension of Syniq. It is is straightforward to check that SyruQ is 
subalgebra of Sym with respect to Lie bracket. The generalized symmetries 
of (0) from Syrrio (i.e. Lie symmetries) may be considered as vector fields 
on the manifold of 0-jets M^^^ with local coordinates za- Zi = Xi,i = 
1, . . . , m, Zm+a = Wq, a = 1, . . . ,n (from now on the indices A, B,C, D, . . . 
will run from 1 to m + n and we shall denote Oa = d/dzA)- Moreover, the Lie 
bracket of two Lie symmetries of ([^) Qi,Q2 coincides with the commutator 
of corresponding vector fields. 

Let us mention that we choose as the basic field the field of complex 
numbers C, i.e. Sym is considered as Lie algebra over C and the coefficients 
C,i,t]a of generalized symmetries are complex 0. 

^In fact, everywhere in our considerations (except the examples) C may be replaced by 
the arbitrary algebraically closed field K, since the Corollary 1 of the Theorem 3' from §2 
of Chapter VIII of §, which we use in the proofs of our theorems, remains true for this 
case too . 
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2 The explicit formulas for the symmetries 

Theorem 1 Let W be some linear subspace of the linear space of the dif- 
ferential operators of the form of all orders f\, WAi,...,Ag be the linear 
space of the operators, obtained from the operators from W by setting z^^ = 
0, . . . ,Za_ = in their coefficients, V = W f] Sym, for some qi the dimension 
of the subspace ofV V^'^i'' = V C] Sym^"'^ v^'^i^ < oo and for any generalized 
symmetry o/ (0; Q G V^^^^ dQ/dzA, e V, s = 1, . . . , g ^. 

Then in each V^'^^ (q = 0, there exists such a basis of linearly 

independant generalized symmetries Q,\'^''^\ I = l,...,r^''\ 7 = l,...,p^'^^ 
(pig) Kvii)^ 

=1 r!:^^ = v^'^^) that the generalized symmetries from this basis 
are given by the formulas 

where C\'^j^^ are some differential operators from WAi,...,Ag of order q or 
lower; X^'^^'^ E C are some constants and k^'''^^ \ s = 1, . . . , g are some fixed 
numbers from the range 1, . . . , r^*^-*. 

Proof Let qS'\ . . . , Qi'^ be some basis in y„ where K = V^'yV^'-^\ s ^ 
0,Vo = V^'\ 

According to the conditions of the Theorem dQ^f^ / dzAi also are general- 
ized symmetries of (|l]), which obviously belong to V^^^ (but not necessarily to 
Vs). Thus, the set of differential operators djdzA^ possesses finite-dimensional 
invariant spaces V^^^ , s = 0, . . . ,gi. Let us denote the finite-dimensional 
linear operator being the representation of d/dzA^ on V^^^^ by G*^*'"^*-*. Since 

d'^Ql'''' /dzA.dzA, = d'^Ql''^ /dzA.dzA,, i.e. the operators d/dzA,, d/dzA, com- 
mute, so do their representations: 

Q{s,A^)Q{s,A,) = q{s,Aj)q{s,A.)^ i,J = l,...,^,S = 0,...,gi. (6) 

Hence, according to the Corollary 1 of the Theorem 3' from §2 of Chapter 
VIll of 0, the space V^'^^ ^ Qi) may be decomposed into the direct sum of 

■^^1 , . . . , Ag are fixed integers from the range 1, . . . ,m + n, g < m + n. 
^it is clear that this implies dQ/dzA^ G y*-*!', s = I, . . . ,g. 
^since w*^*^ < w^''^^ for s < qi. 
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such common invariant spaces 7^'^'' of the hnear operators G'-'^''^^'', . . . , G^'^'"^"-', 
that the minimal polynomials of G*^'''"^"-' on J^'^^ are 

(Gfe^=) - A('?'^^))^'""^' = (7) 

for some A^^'"^^-* G C and k!:^'"^"^ (/c^'^'"^"-* are fixed integers from the range 
1, . . . , r!:^\ where r^'^^ denotes the dimension of the space Z^'^-'), 7 = 1, • • • , p^'^\ 
s = 1, . . . , g. In order to avoid possible ambiguity in the definition of the 
subspaces we set the following requirement: the representation G^^'"^*-* of 
the operators G^'^'"^*^ on each /^''\ i = 1, . . . , g, must be indecomposable. 

Using this result allows us to resrict ourselves to considering the only r^''^- 
dimensional subspace of V^"^^ and some basis Q['^'^\ / = !,... , r^"^^ in it. 
Let R^'''^) = (Qfe^), q(^'^\ . . . , Q(^;jy and let G^"?'^^) denote the restriction 

of G(«'^=) on/^?). 
Then we obtain 

where we have identified the operator G^'^'"^'-' with its matrix in the basis 
Q,l'^'"'\ I = 1, . . . , r^'^-*; each such system is compatible, since the matrices 
Q(g,^») commute in virtue of (||), and its general solution is: 

Kfe7) = f[exp{G^^'^^hA^)C^'i'^\ (8) 

i=l 

where C*^'^''*'-' is the vector of the operators from W of order q or lower, whose 
coefficients are independant from ZA-i,---,ZAg (i.e. C'^''''^^ G WOii,...,Ag)- In 
virtue of (|^ we obtain 

eMGir'^^'^ZAj = expiXi^^^^^Aj exp((G(«'^») - A(«-^»))^aJ = 
= exp(A('''^>);.^J E^r'"' %^(G('''^=) - A(«'^^))^ 

The substitution of (H) into (|) evidently yields (^. > 

Remark 1. Often (e.g. if V is an ideal in Sym or if V is Lie subalgebra 
of Sym, containing d/dzAi or generalized symmetries, which are equivalent 
to them) the sufficient condition for dQ/dzA E V, s = 1, . . . , g {if Q E 

1^) is (in virtue of the Proposition 1) the existence of Lie symmetries 
d/ dzAi , d/ dzA2 , ■ ■ ■ ,9/ dzAg for the system (P . 
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Remark 2. In the above Theorem it is possible to set gi = oo, taking into 
account that by construction V^°°^ = V and modifying its conditions in the 
following way: v^'^'^^ < oo is replaced by t>g < cxd for all g = 0, 1, . . ., where Vq 
is the dimension of Vq. 

Remark 3. If W is the space of all the Lie vector fields on M^^\ V = 
Wf]Sym = Sym^'^\ v^^^ < oo and the system (|l|) admits Lie symmetries 
d/dzA, A = 1, . . . ,m + n the Theorem |I] allows us to find the dependance 
of all the Lie symmetries on all the variables x, u they depend from, i.e. to 
reduce the problem of description of Lie symmetries of (|l|) to solving algebraic 
equations Q. 

From the merely technical point of view our results mean that if the 
conditions of the Theorem ^ are valid, one may seek for all the generalized 
symmetries of (|l|) from V^'^'' (g < gi) without loss of generality in the form 

Q = exp(ELiA(^'^^Wjx 

X E^io ^ • • • El^io . . . (^aJ^-^C,,,...,,,, ^'"^ 

where A^'^'"^"-* G C and Cj^,...jg are differential operators from WA^,...,Ag of order 
q or lower. Thus, the substitution of (|TUp into yields the equations for the 
coefficients of Cj^^ . j^, and if one is able to find all the independant solutions 
of these equations, the substitution of them into (|TUp gives all the linearly 
independant symmetries of (|1|) from V^'^\ 

Let us illustrate these ideas by the following examples: 
Example 1. Let m = 2, n = 1, mi = m, a; = (xi = t, X2 = y), U(i) = 
d^u/dy^ and u satisfies the evolution equation 

du/dt = G{u,U(i), . . . ,U(d)), d>2, (11) 

W be the linear space of the differential operators of the form (Q) with C,i = 0, 
whose coefficient r] = rji, which is called the characteristics of the symmetry 
0], depends only on y, u, ^(i), ^(2), . . ., V = W C\ Sym. In it is proved that 
for such a V v^'^^ < v^^^ + q — 1 for q = 1,2,... and v^^^ < d + 3. 

It is clear that for any Q & V dQ/dy G V. In virtue of the Theorem ^ 
and the above formula ([l^) without loss of generality we may suppose that 
the characterystics of the generalized symmetries of ( pA]) from W of order 

^Let us mention that in this point our results are completely analogous to those of the 
theory of quasiexact solvability (see also Section 3). 
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not higher than q has the form 

r/ = exp(A?/) Vj{u,u^i),...,U(^q))y^, (12) 

j=0 

where A G C. 

Since 0] for any generahzed symmetry Q of order q >2 from W 

dr]/dui^) = const{dG/du^)y^'^ (13) 

and G is independant from y, the comparison of (|T2|) and (p!3D shows that in 
such a case A = in ([12D , i.e. the generahzed symmetries of order q > 2 from 

depend on ?/ as polynomials of order not higher than f — 1 < v^-^^ + g — 2. 

Example 2. Let us consider one-dimensional free Schrodinger equation 
(m = 2, n = 1, Ml = Xi = t,X2 = x): 

Ltfj = [id/dt + d'^/dx^)%l) = 0. (14) 

and its symmetry operators of the form ({A, 5} = AB-\-BA, p = —id/dx) 

^ = E{- • • {hA^, t),p}, . . .p} = E a,(x, t)&/dx\ (15) 
i=o ''"T^' ' j=o 

J times 

which should commute with L: 

[R, L] = RL-LR = 0, 
what yields the following equations for hj 

hj = h'j_^, j = l, ...,g, 

ho = 0, (16) 

h'^ = 0, 

where dot and prime denote partial derivatives with respect to t and x. 
The symmetry operators of the form (|T5|) of (|l^ may be considered as the 
elements of Sym [^. 

Let W be the set of all the linear differential operators of the form (pIS]). 
It is known ||^ that for such a W the dimensions v^"^^ of the subspaces V^"^^ = 
iyn5?/m(«) (as usual, V = WClSym) are w^^^ = (g + l)(g + 2)/2. Since 
admits Lie symmetries d/dt and d/dx and if R is symmetry operator 
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of (n), then so do dR/dt and dR/dx, all the conditions of the Theorem ^ 
are fulfilled. Using the formulas ([T0|), we obtain the following expression for 
the generic symmetry operator of ( [I^ ) of order q: 

R = exp{Xt + fix) E J2Ckist''x'dydx\ (17) 

k=0 1=0 s=0 

where \,^,Ckis G C. Hence, hj for R (|l^ have the form: 

hj = exp{Xt + nx) J2 J2 hjkit^x\ hjki & C. (18) 

k=0 1=0 



The substitution of (p!8[) into (|T6|) yields A = /i = Ofori?^0 (i.e. /ij are 
polynomials with respect to t and x) and recurrent relations for hjki- Thus, 
we partially recovered (by different means) the results of [^. The results 
concerning the general solution of (0) may be found there. Let us only 
mention that hj is polynomial of order j with respect to t and of order q — j 
with respect to x. 

The above examples show that our method is rather efficient tool for the 
reduction of the equation (^ for the coefficients of generalized symmetries 
with respect to some "selected" variables, which do not enter explicitly in 
the system of PDEs under consideration. 

The requirement that dQ/dzA^ € V, i = 1, . . . , g for Q G in fact 
may be replaced by the weaker one: there exist g Lie vector fields = 
j:A=?^A\z)d/dzA, s = 1, . . . , c/, such that [Ki,Kj] = for all i,j = l,...,g, 
[Kj, Q] G y for any Q G V, i = 1, . . . , g, and in the generic point of M^^'' 
rank || \\A= i,m+n ,s=Xg— 9- Really, in this case there exists such re- 
placement of coordinates on M^^^ (which, however, may be defined only lo- 
cally in each chart of M'^'^^ but not globally) z ^ z' that in new coordinates 
Kg = d/dz'ji^^, As G {1, . . . , m + n}, s = 1,. . .,g and [Kj, Q] = dQ/dz'^^ G 
V,i = 1, . . . , g for any Q E V, i.e. we come back to the situation, described 
in the Theorem |I|. 



3 Conclusions and Discussion 

The general idea of this work consists in the study of adjoint action of Lie 
symmetries on Sym (since dQ/dzA = [Oa, Q] !)• The peculiarity of Lie sym- 
metries is that the Lie bracket of the Lie symmetry L and some generalized 
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symmetry Q of (|T|) of order q is generalized symmetry of order not higher 
than g, i.e. adj;, = [L, ■] : Sym^''^ Sym^''^ for any q. If the space Sym^'^^ 
(or, in more general situation, 1^*^'^^ ) is finite-dimensional for some q = qi, 
the operator ad^ posseses matrix representation on it. This observation (for 
L = dA^, s = 1, . . . ,g) explains the analogy between the formulas (H) and the 
form of the ansatz for eigenfunctions of Hamiltonian in quasiexactly solvable 
models Q since these eigenfunctions belong to the common invariant space 
of the representation of some Lie algebra by the first order linear differential 
operators, some of which are just of the form d/dzA • 



The above analogy with the theory of quasiexact solvability shows that 
it would be very interesting to generalize the results of this paper to the case 
of non-commutative algebra of Lie symmetries of (|I|). We intend to do it in 
further publications. 

I am sincerely grateful to Profs. A.G. Nikitin and R.Z. Zhdanov for the 
fruitful discussion of the results of this work. 
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